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Abstract:We revisit the Littlest Higgs model with T -parity, and discover a Z2 symmetry on
collective symmetry. It is dubbed collective parity (C-parity). We demonstrate that T -parity
is consistent with C-parity. We further investigate the origin of the collective symmetry in
the context of composite Higgs and find a new path to the UV complete theory of the model.
In addition, we demonstrate that T -parity violating processes naturally take place.
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1. Introduction
The Large Hadron Collider will begin to operate in 2008 and is expected to disclose the
mechanism for electroweak symmetry breaking (EWSB). In the theory side, there are already
various mechanisms for EWSB on the market. In this paper we revisit the “little Higgs”
mechanism [1, 2] which is based upon the nonlinear sigma models. Especially we concentrate
on the Littlest Higgs model (LHM) which has been rigorously analyzed. In the LHM, the SM
Higgs is a pseudo Nambu-Goldstone boson (pNGB) which arises from some global symmetry
breaking and its mass is protected against the infamous quadratic divergence by the so-called
“collective symmetry breaking”, which is naturally realized by doubling of certain particles
with the same statistics. On top of that, the notion of collective symmetry breaking is
extremely engineered and hence leads to the “twin Higgs” theories [3, 4] which explicitly
exhibit a discrete Z2 symmetry.
Similar to other mechanisms there is a downside to the little Higgs mechanism: in order
to be compatible with the electroweak precision tests (EWPTs) the global symmetry breaking
scale has to become O(10) TeV. So the fine-tuning of the Higgs mass arises once again. To
avoid this problem a new Z2 symmetry between particles of the same statistics was introduced
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in the similar way as R-parity in the Minimal Supersymmetric Stadard Model (MSSM) where
R-parity distinguishes between the SM particle and its superpartner. In little Higgs theories,
a discrete Z2 symmetry is dubbed “T -parity” [5, 6]. In the twin Higgs model, a Z2 symmetry
is in fact a principal guide to construct the model itself. However, T -parity in the Little Higgs
theories is given by hand such as heavy particles are T -odd and light particles are T -even.
As payback for the introduction of T -parity to little Higgs theories, the number of quarks
and leptons in the LHT at least double that of the SM and there are two kinds of quarks
and leptons: the T -even particles are the SM particles while the T -odd particles will give rise
to testable new physics at the TeV scale. Moreover, due to invariance under T -parity, the
neutral lightest T -odd parity particle (LTOP) is stable and could be a candidate for dark
matter (DM) [7, 8] just as the lightest supersymmetric particle (LSP) of the MSSM. But
recently there was an assertion that T -parity in the LHM could be violated by anomalies so
that the LTOP, the heavy photon, decays into ZZ and W+W− [9, 10] and cannot be a good
DM candidate. This argument is based on the assumption that the pNGBs are composite
particles and the underlying UV physics is technicolor-like strong interactions.
On the other hand, the composite little Higgs model [12, 13] was independently explored
as a natural UV complete theory of the LHM. It promises the so-called “dark matter parity”
for some composite fermions arising from the strong interaction sector, and thus provides a
fermionic DM candidate. In this light, this discrete symmetry is clearly irrelevant to T -parity
so that a UV complete theory of the LHT which is based on composite Higgs may embrace a
new DM candidate. Therefore it is challenging to explicitly construct the LHT in the context
of composite Higgs. However, we will not build a completely new model. Rather, we revisit
T -parity, searching for a Z2 symmetry within the composite Higgs model. We find a path not
only to the UV completion of the LHT but also to a good candidate for DM.
This paper is organized as follows. In Section 2, we review the LHT. We thoroughly
examine the implementation of T -parity on the Higgs sector, gauge and fermion sectors. In
Section 3, we calculate the effective Higgs potential in light of T -parity. We explain why
the Higgs potential has no renormalizable interactions between the Higgs doublet and triplet.
Then we identify a discrete Z2 symmetry with the invariance under the interchange between
the collective symmetry. This Z2 symmetry is dubbed C-parity. In Section 4, we search for
the origin of C-parity by exploiting the composite Higgs. In Section 5, we discuss the anomaly
conditions for the model, and look for the UV complete theory of the model. In Section 6,
we summarize this paper.
2. Littlest Higgs model with T -parity
The Littlest Higgs model (LHM) was based on an non-linear sigma model in which a global
SU(5) symmetry is spontaneously broken to SO(5) at a scale f via a VEV of an SU(5) tensor
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Σ field,
Σ0 =


0 0 0 1 0
0 0 0 0 1
0 0 1 0 0
1 0 0 0 0
0 1 0 0 0

 . (2.1)
The Σ field transforms under the global SU(5) rotation V as
Σ(x)→ V Σ(x)V T . (2.2)
Note that the upper (lower) 2 × 2 of Σ is invariant under the SU(3) in the lower (upper)
block of V . This is the most important property so we will refer to it again and again in later
sections.
The global symmetry breaking yields fourteen Nambu Goldstone bosons (NGBs), among
which four NGBs are eaten to become the longitudinal modes of the heavy partners of the SM
SU(2)L × U(1)Y gauge fields. The ten remaining NGBs are parameterized by the non-linear
sigma tensor field,
Σ(x) = ξ(x)Σ0ξ
T (x) = ξ2(x)Σ0, (2.3)
where ξ(x) = exp{iΠ(x)/f}, and Π(x) is a 5× 5 matrix of the NGB fields,
Π =

 0 H
T /
√
2 Φ
H∗/
√
2 0 H/
√
2
Φ† H†/
√
2 0

 . (2.4)
The H field contains four degrees of freedom while the Φ field includes six degrees of freedom.
So H and Φ are the doublet and triplet, respectively, under the SM SU(2)L. The component
fields of H are G±,0 and h0. G±,0 are eaten by the SM SU(2)L gauge bosons while h
0
becomes the physical SM Higgs. The component fields of Φ consist of five physical scalars
(φ±±, φ±, φ0) and a physical pseudo-scalar φp. To leading order, all the physical triplet states
have degenerate masses with an order of f . In the LHM the components of H and Φ mix
due to EWSB while they do not in the LHT. From Eq. (2.2) and (2.3) we can infer that ξ
transforms under the SU(5) as
ξ(x)→ Uξ(x)Σ0V TΣ0 = V ξ(x)U †. (2.5)
U takes values in the Lie algebra of the unbroken SO(5) subgroup, and is a nonlinear function
of both the V matrix and Π(x). The transformation of ξ field is indispensable to describe
heavy fermions later.
2.1 T -parity and Higgs sector
Followed by the terminology of Cheng and Low [5, 6], T -parity is implemented to the NGB
matrix Π as follows:
T : Π→ −ΩΠΩ (2.6)
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with Ω = diag (1, 1,−1, 1, 1), implying that the doublet Higgs H is T -even and the triplet Φ
is T -odd:
T :
{
H → H
Φ → −Φ. (2.7)
T -parity differentiates between the doublet and triplet so no mixing between their compo-
nents occurs at electroweak scale in contrast with the Littlest Higgs model without T -parity.
Therefore T -parity is a promising feature of the LHM to avoid fine-tuning of Higgs mass pa-
rameter. However it seems unnatural to some extent that the components of a single multiplet
under the global SU(5) have different parities. It implies that T -parity does not respect the
SU(5) symmetry. A certain discrete symmetry must live in the subgroups of the SU(5) so
that T -parity may be derived as an accidental symmetry from this discrete symmetry.
For later use we set out the transformations of ξ and Σ, respectively, under T -parity:
T : ξ → Ωξ†Ω, (2.8)
T : Σ→ Σ˜ = Σ0ΩΣ†ΩΣ0, (2.9)
where Σ˜ is the dual of Σ which is obtained by substituting Φ in Σ for −Φ.
2.2 T -parity and gauge boson sector
The mechanism of collective symmetry breaking drives the LHM to possess a pair of SU(2)×
U(1) gauge symmetries which are broken down to the diagonal subgroup identified with the
SM SU(2)L×U(1)Y . T -parity is also introduced to the gauge sector in order to decouple the
broken gauge fields to the SM fields. The implementation of T -parity on the gauge fields is
to interchange the pair of gauge bosons:
T : W a1 ↔W a2 , B1 ↔ B2, (2.10)
where W a1,2 and B1,2 are gauge fields of SU(2)1,2 and U(1)1,2, respectively. The invariance
under the interchange is allowed only if the gauge couplings meet the conditions
g1 = g2 =
√
2g, g′1 = g
′
2 =
√
2g′, (2.11)
where g and g′ are the coupling constant of the SU(2)L and U(1)Y gauge symmetry, respec-
tively. That is, T -parity reduces the number of parameters in the model.
Before EWSB the T -odd linear combination of the gauge bosons acquire a mass of order
f ,
W aH =
1√
2
(W a1 −W a2 ), MWH = gf, (2.12)
BH =
1√
2
(B1 −B2), MBH =
g′f√
5
,
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while the T -even linear combinations,
W aL =
1√
2
(W a +W a2 ), BL =
1√
2
(B1 +B2), (2.13)
remain massless and are identified with the SM gauge bosons. After EWSB the new mass
eigenstates in the neutral T -odd sector will be a linear combination of the W 3H and the BH
gauge bosons, yielding an AH and ZH whose masses are
M2ZH = g
2f2
(
1− v
2
4f2
)
, M2AH =
g′2f2
5
(
1− 5
4
v2
f2
)
. (2.14)
Due to the small gauge coupling g′ and the factor
√
5 that comes from the SU(5) normalization
of the U(1) generators, AH is the lightest T -odd particle (LTOP) and could be a candidate
for (bosonic) dark matter [7].
2.3 T -parity and fermion sector
The Littlest Higgs model without T -parity contains fermionic heavy partners only in the Top
sector to engineer collective symmetry braking. This is because only Top Yukawa coupling
is large enough to participate in collective symmetry breaking. But all the other Yukawa
couplings are sufficiently small so they need not to participate in collective symmetry breaking.
Therefore all the Yukawa couplings except for Top Yukawa are simply ignored in a minimal
setup.
Now that the action of T -parity to the LHM entails doubling of charged fermion fields
in comparison with the SM. In other words, T -parity interchanges a fermion doublet under
SU(2)1 and a fermion doublet under SU(2)2 so both go in pairs. Furthermore, U(1)1 quantum
number of a fermion is identical to U(1)2 quantum number of its T -dual fermion. A pair of
fermions, ψ1 and ψ2, are imbedded into incomplete representations Ψ1 and Ψ2 of SU(5),
respectively:
Ψ1 =

ψ10
0

 , Ψ2 =

 00
ψ2

 , (2.15)
and transform under SU(5) as Ψ1 → V ∗Ψ1 and Ψ2 → VΨ2, respectively. The action of
T -parity on the doublets takes
T : ψ1 ↔ −ψ2
(
Ψ1 ↔ −Σ0Ψ2
)
. (2.16)
As for Yukawa interactions, Ψ1 and Ψ2 must have the same Yukawa couplings due to
T -parity. The T -even linear combination, ψ+ = (ψ1−ψ2)/
√
2, becomes a left-handed doublet
under the SM SU(2)L and acquire a Dirac mass through Yukawa coupling along with a SM
right-handed singlet ψR. The SM Yukawa interaction except for top sector is achieved in the
T -parity invariant way that the Yukawa couplings for ψ1 and ψ2 are the same as follows
1
4
λ1fǫijkǫxy
[
(ψ¯1)iΣjxΣky − (ψ¯2Σ0)iΣ˜jxΣ˜ky
]
ψR + h.c. (2.17)
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where the indices i, j, k are summed over 1,2,3 and x, y are summed over 4,5.
The T -odd linear combination, ψ− = (ψ1 + ψ2)/
√
2, gets a large Dirac mass by allying
with a right-handed mirror fermion, ψ˜, which is imbedded into a complete representation of
SO(5),
Ψ′ =

ψχ
ψ˜

 , (2.18)
transforming as Ψ′ → UΨ′, with U being a global SO(5) rotation. Their masses are assumed
to be & f so all of them are integrated out at electroweak scale. T -parity is acted on the
mirror fermion Ψ′ as
T : Ψ′ → −Ψ′, (2.19)
so that a Yukawa term is constructed to be invariant under T -parity,
κf√
2
(Ψ¯2ξΨ
′ + Ψ¯1Σ0Ωξ
†ΩΨ′). (2.20)
Expanding the Lagrangian in power of 1/f , one obtains a few leading terms:
κfψ¯−ψ˜ + i
κ√
2
ψ¯−H
†χ− iκψ¯+Φ†ψ
+
κ
2
√
2f
ψ¯+Φ
†HTχ− κ
4f
ψ¯−(H
†H + 2Φ†Φ)ψ˜ − κ
4f
ψ¯−H
†H∗ψ + O(
1
f2
), (2.21)
in which the coupling κ is an O(1) constant whose precise value is sensitive to the UV physics
above the UV cutoff. The first term gives a Dirac mass to ψ− and ψ˜. The second term
allows a new quadratically divergent contribution to Higgs mass squared, as shown in the
upper diagram of Figure 1. The fifth term also gives rise to two such diagrams which exactly
cancel out the T -odd fermion one-loop divergence (See the two lower diagrams in Figure 1.).
The third term generates quadratically divergent contribution to the triplet mass but the
fifth term once again cancel out, resulting in no quadratic divergence in triplet mass as well.
Thus, we do not need to worry about quadratically divergent contributions to the Higgs (H
as well as Φ) mass squared from new T -odd fermions. Note that ψ+Φ
†HTχ gives no Dirac
mass due to zero vev of the triplet Φ.
3. Higgs potential and C-parity
The Higgs fields are pNGBs in the LHM so that the Higgs potential arises from the global
symmetry breaking due to the gauge and Yukawa interactions. The collective symmetry
breaking prohibits a Higgs potential at tree level. Instead, the Higgs potential arises at
one-loop and higher orders through the interactions with the gauge bosons and fermions. In
addition to the collective global symmetry breaking, T -parity provides even tighter constraints
on the Higgs potential. The invariance of the Higgs potential under T -pairty forbids T -odd
terms. For example, there is no tri-linear HΦH term in the Higgs potential, so that no
– 6 –
mixing between H and Φ take place. In what follows, we rigorously describe the role of T -
parity in establishing the Higgs potential, and find an intrinsic connection between collective
symmetry breaking and T -parity. Thus we identify a Z2 symmetry of the LHM in the context
of collective symmetry breaking.
3.1 Gauge loop
Let us first examine the gauge contribution to the Higgs potential. The quadratically diver-
gent contribution to the Coleman-Weinberg potential from gauge boson sector is
1
2
af4
{
g2j
∑
b
Tr [(QbjΣ)(Q
b
jΣ)
∗] + g′2j Tr [(YjΣ)(YjΣ)
∗]
}
. (3.1)
Here a is a dimensionless coefficient which depends on the UV physics, and the generators of
the gauge groups are
Qb1 =

 σ
b/2 0 0
0 0 0
0 0 0

 , Y1 = diag(3, 3,−2,−2,−2)/10,
Qb2 =

 0 0 00 0 0
0 0 −σb∗/2

 , Y2 = diag(2, 2, 2,−3,−3)/10, (3.2)
where σb are the Pauli matrices. Expanding Σ in power of 1/f , we obtain the effective Higgs
potential of the form [14],
Veff(H,Φ) =
a
2
(g21 + g
′2
1 )
[
f2Tr (Φ†Φ)− if
2
(HΦ†HT −H∗ΦH†) + 1
4
(HH†)2 + · · ·
]
+
a
2
(g22 + g
′2
2 )
[
f2Tr (Φ†Φ) +
if
2
(HΦ†HT −H∗ΦH†) + 1
4
(HH†)2 + · · ·
]
. (3.3)
Note that the signs of the tri-linear terms in the first and second lines are opposite. This is
because the SU(2)1 × U(1)1 interactions preserve the global SU(3) symmetry in the lower
3× 3 block of Σ while the SU(2)2 ×U(1)2 interactions do the global SU(3) symmetry in the
upper 3× 3 block of Σ. So every interaction with an odd number of the Higgs fields appear
in pairs but with opposite signs, and thus cancels out in the effective potential with a help of
the gauge coupling conditions, Eq. (2.11). As a result the effective Higgs potential consists
of interactions only with an even number of the Higgs fields:
Veff(H,Φ) = 2a(g
2 + g′2)
[
f2Tr (Φ†Φ) +
1
4
(HH†)2 + · · ·
]
. (3.4)
These are a mass term for the triplet, a quartic term for the doublet and nonrenormalizable
terms which are omitted.
Invariance under the interchange of the two SU(3) symmetries indeed cancel out an odd
number of the Higgs fields, and plays the same role of T -parity on the Higgs sector. Since the
two SU(3) symmetries are called collective symmetry the Z2 symmetry is dubbed “C-parity”
in which C stands for “collective”.
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3.2 Fermion loop
We now turn our attention to the fermion contribution to the Higgs potential, especially in
the Top sector. Similar to Ψ1 and Ψ2 in Subsection 2.3, the two fermions Q1 and Q2,
Q1 =

 q1t′1
0

 , Q2 =

 0t′2
q2

 , (3.5)
transform under T -parity as
T : Q1 ↔ −Σ0Q2, (3.6)
where q1, q2 correspond to ψ1, ψ2 and t
′
1, t
′
2 are singlets under SU(2)1,2. t
′
i (i = 1, 2) are
vectorlike particles along with additional singlet t′iR which transfom under T -parity as
T : t′1R ↔ −t′2R. (3.7)
The top Yukawa interaction is achieved in the T -parity invariant way that not only the
Yukawa couplings for Q1 and Q2 are the same but also the Yukawa couplings for t
′
1 and t
′
2
are the same:
1
4
λ1fǫijkǫxy
[
(Q¯1)iΣjxΣky − (Q¯2Σ0)iΣ˜jxΣ˜ky
]
u3R + λ2f(t¯
′
1t
′
1R + t¯
′
2t
′
2R) + h.c. (3.8)
where the indices i, j, k are summed over 1,2,3 and x, y are summed over 4,5. The quadratically
divergent contribution to the Coleman-Weinberg potential from the top sector is
− 1
16
a′λ21f
4ǫwxǫyzǫ
ijkǫkmn
[
ΣiwΣjxΣ
∗myΣ∗nz + Σ˜iwΣ˜jxΣ˜
∗myΣ˜∗nz
]
, (3.9)
where a′ is a dimensionless coefficient similar to a in Eq. (3.3). The first term arises from the
Q1 one-loop contribution while the second term from the Q2 one-loop contribution. Expand-
ing Σ and Σ˜ in power of 1/f , we obtain the effective Higgs potential
Veff(H,Φ) = 2a
′λ21
[
f2Tr (Φ†Φ)− if
2
(HΦ†HT −H∗ΦH†) + 1
4
(HH†)2 + · · ·
]
+ 2a′λ21
[
f2Tr (Φ†Φ) +
if
2
(HΦ†HT −H∗ΦH†) + 1
4
(HH†)2 + · · ·
]
. (3.10)
The first line arises from the Σ field contribution while the second line from the Σ˜ field
contribution. Now that the expression in Eq. (3.10) is identical with that of Eq. (3.3) except
for the couplings, we deduce that the Σ contributions in Eq. (3.10) comes from a SU(3)
global symmetry in the lower 3× 3 block of Σ while the Σ˜ contributions in Eq. (3.10) from a
SU(3) global symmetry in the upper 3× 3 block of Σ. Namely, the top Yukawa interaction,
Eq. (3.8), is assembled to be invariant under C-parity which acts on the gauge interactions.
Once again, the effective Higgs potential consists of interactions only with even number of
the Higgs fields:
Veff(H,Φ) = 4a
′λ21
[
f2Tr (Φ†Φ) +
1
4
(HH†)2 + · · ·
]
. (3.11)
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As to the other fermion sectors, though loop contributions from those fermions are much
smaller than those from the top sector due to their small couplings, C-parity still guarantees
that the effective Higgs potential has no interactions with odd number of the Higgs fields in
the same way as the top sector. Hence, C-parity in the fermion sector is exactly preserved.
As a last step to complete the effective Higgs potential, we take into account the Higgs
mass squared arising from logarithmically divergent contributions. The gauge sector gives a
positive Higgs mass squared while the top sector gives a negative Higgs mass squared which
dominates over the positive gauge contribution 1. As a result, the negative Higgs mass squared
triggers EWSB,
Veff = −µ2HH† (3.12)
with µ2 > 0. Adding the logarithmically enhanced Higgs mass squared to the effective Higgs
potential Eq. (3.4) and (3.11) we finally establish the full effective Higgs potential of the form
Veff(H,Φ) = λf
2Tr [Φ†Φ]− µ2H†H + λ
4
(H†H)2 + · · · , (3.13)
where λ is a quartic coupling and the omitted terms are nonrenormalizable interactions. Due
to the invariance under C-parity the Higgs triplet goes in pairs in the Higgs potential so its
contributions to electroweak precision constraints are in general negligible compared with
those in the original Littlest Higgs model.
4. Origin of C-parity
In the previous section we have shown that C-parity is based on the collective global symmetry
breaking. Due to the invariance under the interchange of the two global SU(3) subgroups of
the global SU(5) symmetry, particles with the same statistics are introduced so gauge and
Yukawa interactions are established in a consistent way that particles with the same statistics
possess the same gauge and Yukawa couplings. We can understand this property in analogy
to supersymmetry in which a particle and its superpartner are linked through supersymmetry,
and possess the same gauge and Yukawa couplings. But supersymmetry is broken in nature
so that masses of a particle and its superpartner are different. R-parity still remains intact
and indicates that their gauge and Yukawa couplings are the same.
Now our concerns move to a mechanism for the collective symmetry breaking. That is,
what kind of discrete symmetry corresponds to the interchange of the upper and lower SU(3)
global symmetries? To answer the question we must understand how the global SU(5) is
broken down to SO(5) in the LHM. This can be achieved by assuming that the SU(5)/SO(5)
symmetry breaking arises dynamically from fermion condensation through strong interactions
and the NGBs are composite particles, just as composite Little Higgs theories [12, 13].
We choose SO(N) gauge symmetry for the technicolor-like strong interactions. The
global SU(5) acts on the five fermions, ϕ2, ϕ
′
2 and ϕ0, which are dubbed “Ultra-fermions”.
The quantum numbers of the Ultra-fermions under the gauge symmetries are listed below.
1Other quarks and lepton contributions are negligible due to the Yukawa couplings.
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SO(N) SU(2)1 U(1)1 SU(2)2 U(1)2
ϕ2 N 2 1/4 1 1/4
ϕ′2 N 1 -1/4 2 -1/4
ϕ0 N 1 0 1 0
The two U(1)’s quantum numbers are fixed to set (Y1, Y2) = (0, 0) for the bilinear ϕ2ϕ
′
2. The
bilinears of ϕ2, ϕ
′
2 and ϕ0 correspond to the order parameter Σ of SU(5) to SO(5) breaking
so the fluctuations are the fourteen NGBs and its VEV is given as
 〈ϕ2ϕ2〉 〈ϕ2ϕ0〉 〈ϕ2ϕ
′
2〉
〈ϕ2ϕ0〉 〈ϕ0ϕ0〉 〈ϕ′2ϕ0〉
〈ϕ2ϕ′2〉 〈ϕ′2ϕ0〉 〈ϕ′2ϕ′2〉

 = f

 0 0 120 1 0
12 0 0

 , (4.1)
which is proportional to Σ0. The dimensionful parameter f is assumped to be O(1) TeV. We
can easily identify the fluctuations about this background in the broken directions with the
Higgs fields: 
 Φ H
T /
√
2 G
H/
√
2 G H∗/
√
2
G H†/
√
2 Φ†

 = ΠΣ0, (4.2)
where we explicitly include G which are the four NGBs eaten by the heavy gauge fields. We
can also identify the collective symmetries with the two global SU(3) subgroups of the SU(5):
the upper SU(3) acts on ϕ2 and ϕ0 whereas the lower SU(3) does on ϕ
′
2 and ϕ0. Thus C-
parity is established by the invariance under the interchange between ϕ2 and ϕ
′
2. In other
words, C-parity is naively realized in the NGB field matrix as
C : H ↔ H∗, Φ↔ Φ∗. (4.3)
Note that the elements in G are invariant under C-parity.
We now reconstruct Yukawa interactions which are invariant under C-parity. We get back
to the the original LHM which contains top Yukawa interactions of the form
λ1fǫijkǫxy(Q¯1)iΣjxΣkyu3R, (4.4)
where i, j, k are summed over 1,2,3 and x, y are summed over 4,5. This interaction preserves
the upper SU(3) and breaks the lower SU(3). We need to construct the interaction which
preserves the lower SU(3) and breaks the upper SU(3) in a similar manner as (4.4). Because
Σjx(j = 1, 2, 3 and x = 4, 5) transforms into Σlv(l = 1, 2 and v = 3, 4, 5) under C-parity Q1
and u3R also transform under C-parity, respectively, as
C : Q†1 ↔ Q2, u3R ↔ u†3R. (4.5)
This is because the Higgs fields transform its complex conjugate under C-parity. Then the
Yukawa interaction (4.4) transforms under C-parity as
λ1ǫlmǫuvwu¯3RΣlvΣmw(Q2)u, (4.6)
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where l,m are summed over 1,2 and u, v, w are summed over 3,4,5. Now taking the Hermitian
conjugate of (4.6) we get
λ1ǫlmǫuvw(Q¯2)uΣ
∗
vlΣ
∗
wmu3R. (4.7)
Since Σ is symmetric we can rewrite the above equation as
−λ1ǫijkǫxy(Q¯2Σ0)iΣ˜jxΣ˜kyu3R, (4.8)
which is nothing but the T -dual of (4.4). The minus sign naturally emerges when we not only
switch the running indicies but also replace the elements of Σ∗ by the elements of Σ˜ which is
T -dual of Σ.
Now we are able to justify the assignment of T -parity on the Higgs sector, (2.7). Let us
analyze the Yukawa interaction, (4.4), which brings out the mass term for the SM fields. The
fermion q†1 which is a doublet under SU(2)1 couples to Σ3x = i
√
2H/f − ΦH†/f2 + · · · (x =
4, 5). The C-dual is that the fermion q2 couples to Σi3 = i
√
2H†/f −HΦ†/f2 + · · · (i = 1, 2).
Taking the hermitian conjugate of the C-dual is that the fermion q†
2
couples to −i√2H/f −
ΦH†/f2 + · · · . Thus the Higgs doublet couples to C-even fermion, (q¯1 − q¯2), to the leading
order. The next leading term is −(q¯1+ q¯2)ΦH†uR which shows that the triplet Higgs couples
to the T -odd fermion and the Higgs doublet so we can easily read off the transformation
properties of the Higgs doublet and triplet. These transformations are nothing but (2.7) so
T -parity is derived from C-parity.
We have so far shown that the T -parity is consistent with C-parity. But there is a
difference between C-parity and T -parity. The operators which give rise to T -odd fermion
mass is not definitely invariant under C-parity. This is because the mirror fermion Ψ′ does
not properly transform under C-parity. Therefore we define a new mirror fermion Ψ
′′
which
transforms under C-parity as follows
C : Ψ′′ =

ψχ
ψ˜

↔ −

 ψ˜χ
ψ

 = Ψ˜′′. (4.9)
Now we can construct the Yukawa interaction in the following C-parity invariant way:
κf
2
(Ψ¯2ξΨ
′′ + Ψ¯1Σ0Ωξ
†ΩΨ′′ + Ψ¯2ξΨ˜
′′ + Ψ¯1Σ0Ωξ
†ΩΨ˜′′). (4.10)
5. Gauge anomalies
A UV complete theory of the LHT should be free of gauge anomalies. Here we consider the
anomaly cancellation, in particular, for the two [SU(2)×U(1)] gauge symmetries. There are
three kinds of fermions involved in the gauge anomalies: (i) quarks and leptons, (ii) Ultra
fermions, (iii) the remaining and unknown fermions. We do not specify the fermions in the
third category in this paer. But we will make a few remarks on the fermions in the third
category to fulfill the anomaly cancellation.
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Due to C-parity the charges of quarks and leptons are assgined in such a way that the
U(1)1(U(1)2) quantum number of ψ1 is identical to the U(1)2(U(1)1) quantum number of ψ2,
the T -dual of ψ1. There is a straightforward assignment of the two U(1) quantum numbers
in such a way that each quark (lepton) has identical charges under the two U(1)’s. Therefore
a quark (lepton) has the same U(1) charges with the C-dual partner as follows.
SU(2)1 U(1)1 SU(2)2 U(1)2 SU(2)1 U(1)1 SU(2)2 U(1)2
q1 2 1/12 1 1/12 q2 1 1/12 2 1/12
t′1 1 1/3 1 1/3 t
′
2 1 1/3 1 1/3
t′
1R 1 1/3 1 1/3 t
′
2R 1 1/3 1 1/3
u3R 1 1/3 1 1/3 dR 1 -1/6 1 -1/6
l1 2 -1/4 1 -1/4 l2 1 -1/4 2 -1/4
eR 1 -1/2 1 -1/2
Note that this charge assignment is different from those in [14, 7] because the fermions in the
third category will give a freedom for the model to be free of all gauge anomalies. Now we
can easily figure out the anomaly conditions because we need to evaluate only the anomaly
condition for SU(2)21U(1)1 rather than the four anomaly conditions for SU(2)
2
1,2U(1)1,2. In
addition, it is enough to evaluate the anomaly condition for U(1)31 rather than the four
anomaly conditions for U(1)31,2, U(1)
2
1U(1)2 and U(1)
2
2U(1)1.
As for quarks and leptons, the anomaly conditions for SU(2)2U(1) vanishes but the
anomaly conditions for U(1)3 still do not. On the other hand, the anomaly conditions for
SU(2)2U(1) and U(1)3 in the Ultra fermions do not vanish. To make the model free of the
guage anomalies, addition of fermions belonging to the third category is needed. The standard
way of obtainig no SU(2)2U(1) and U(1)3 gauge anomalies is to add vector-like fermions to
the model. But we will leave exploration of the full fermionic contents in the UV complete
theory for the future work.
As an aside, we would like to comment on the T -parity violating processes in the context
of gauge anomalies. C. Hill and R. Hill assert that the T -parity violation naturally arises
from the Wess-Zumino-Witten term, and the heavy photon decays to ZZ or W+W−. We
can easily understand T -parity violating process in the context of composite Higgs and C-
parity. The two global SU(3) subgroups of the global SU(5) are explicitly broken by gauge
and Yukawa interactions. But the T -parity is classically conserved. Now that quantum effects
like Fig. 2 breaks T -parity. It is analogous to the U(1) axial anomaly which explains how the
decay π0 → γγ takes place. Thus the heavy photon can not be a candidate for DM.
In order to make a good DM candidate, one may take a single U(1) gauge symmetry
rather than two U(1) gauge symmetries in the beginning so the model contains no heavy
photon and the LTOP is a fermion rather than a boson. But in this case the model contains
an singlet NGB η which is not eaten by the heavy photon in case of the two U(1) gauge
symmetries. η is a pNGB so that it is expected to be light. Thus η decays to two photons
and can not be a (bosonic) DM. Now we understand why the DM candidate must come from
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the strong interaction sector as in the composite Higgs model [12]. In this regard, it is much
easier to construct a model with a single U(1) and C-parity.
6. Summary
In the Littlest Higgs model the SM Higgs is a part of pNGBs arising from a broken global
symmetry and the lightness of the SM Higgs is guaranteed by collective symmetry breaking.
To be compatible with EWPTs a Z2 symmetry is introduced to the Littlest Higgs model. C-
parity is the Z2 symmetry which makes the theories invariant under the interchange between
the two global subgroups of the global symmetry. Though each global subgroup is broken
by both gauge and Yukawa interactions the whole lagrangian is still invariant under C-parity.
T -parity is naturally derived by C-parity. C-parity can be explained by the composite Higgs
and thus provide a guidance to a UV complete theory of the model. In addition, T -parity (C-
parity) is broken at quantum level so T -parity violating process is naturally understood. To
make a robust DM candidate in Little Higgs theories, we need to specify a strong interaction
sector which not only explains composite Higgs but also contains a DM parity within itself.
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Figure 1: Contributions from the T -odd fermion loops to the Higgs mass parameter cancel out.
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Figure 2: Gauge anomaly diagram for AH →W+W− or ZZ.
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